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ABSTRACT 
This paper presents a numerical study of nonlinear drift motions experienced by small particles 
in a plane standing wave. A single half-wavelength resonator is considered for the study. 
Ignoring Brownian motion, components of the forces acting on a particle are considered along 
the acoustic field direction and perpendicular to it, taking into account the gravity. 
The Primary radiation force, due to nonlinear interactions between the incident and particle 
scattered waves governs the particle motion from any location toward the node of acoustic 
pressure, in the middle of the resonator. Other second-order nonlinear interactions due to the 
acoustic wake effect and the mutual radiation pressure are also included in this study. These 
mechanisms generate forces on the particles much weaker than the radiation force with a 
shorter range of applicability concerning to distances up to various orders of magnitude higher 
than the particle radii. 
In this way, the particle motion near the node of pressure can be slightly affected by the 
secondary nonlinear mechanisms, producing certain deviations of their trajectories around their 
locations of equilibrium. Also the drift motion of smaller particles in polydisperse suspensions of 
differently sizes can be altered by the influence of other bigger particles close to them. 
 
 
 
 
THEORETICAL BACKGROUND  
 
Particles in suspension subjected to an ultrasonic standing wave are driven by a primary 
radiation pressure toward zones of acoustic equilibrium where remain collected during the 
acoustic field application. This force, exerted along the acoustic field direction is due to 
nonilinear interactions between the incident and the particle scattered waves. For the case of a 
standing wave Gork’ov [1] derived the expression:  
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w here P0 is the acoustic pressure amplitude of the incident wave, Vp the particle volume, x 
the distance to the nearest node of pressure and f the acoustic contrast factor, defined as 
( )0 0( , ) 5 2 2p p o pf b r = r - r r + r - b b .  It is determined by the ratio of densities (rp and r0) and 
compressibility coefficients (bp and b0) between the particles and the host fluid. According to the 
theory, particles with f>0 are driven to the nodes of pressure to collect there, while those ones 
with f<0 are driven to the antinodes.  
From equation (1) it is seen that the radiation force is proportional to the particle volume and 
to the acoustic frequency, inversely proportional to the wavelength. So, higher frequencies 
enhance the particle drift motion in a standing wave. Microfluidic resonating channels with 
dimensions of the order of a half-wavelength (where laminar flows are established) are suitable 
for these short wavelengths. 
The radiation force exerted on a particle “i” by a horizontal standing wave exerted produces 
a particle motion in a viscous medium along the x-direction (perpendicular to the gravity)  
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with ( )6Stokes pi pi fxFv R u= pm -u for a Stokes regime (Reynolds numbers below unity), with the 
fluid velocity at the site of the particle expressed as the incident wave: tfi wsin0Uu = . The 
particle is partially entrained by the acoustic wave, acquiring a velocity amplitude 
( )pipipi tUqu yw -= sin0 , with an entrainment coefficient qpi given by Brandt and Hiedemann 
[2] for the Stokes regime ( )21 1pi piq = + wt  and a shift phase defined by piy .  This 
particle experience by a settling down process due to the gravitational force along the y-
direction (3), overcoming a buoyance force (see Figure 1). 
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Figure 1.-Forces acting on a particle in a standing wave XCBH 
 
However, in a suspension of particles other second order mechanisms can be also 
considered, taking into account that the particle separation depends on their concentration. In  
this case, two secondary nonlinear mechanisms are affect the acoustic particle behaviour: the 
acoustic wake effect and the mutual radiation force generated between nearby particles.  
In this way, the x and y-components of the motion induced on the “i”-th particle described by 
(2.a) and (2.b) can be re-expressed acquiring  new terms: 
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where FAWEik and FMRPik refer to the acoustic wake effect and mutual radiation force 
respectively due to the presence of a “k”-th particle, close to it, locally disturbing the fluid and 
the acoustic wave. 
 
Acoustic wake effect 
Particles in laminar flows with Reynolds numbers not much smaller than unity (Oseen 
regime), produce oscillating viscous wakes and generate second-order forces on other nearby 
particles. The spatial range of influence of this hydrodynamic mechanism depends on several 
Viscous Drag force 
Gravity 
Buoyance force 
Radiation  Force 
P=0 P=0 k 
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parameters but it can reach distances up to two orders of magnitude larger than their radii. 
This force is defined for an Oseen regime as: 
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with the slip flow velocity i fi pi= -V u u , defined as the difference between the fluid velocity at 
the site of the i-particle, ufi, and that of the particle upi . For an incident plane wave with a 
velocity ( ) ( )0 cos sint kx= wu U  the fluid velocity at the site of the i-particle, ufi, is expressed as 
a combination of the incident acoustic wave velocity and a perturbation velocity uik associated to 
the acoustic wake generated by the presence of another neighbouring k-particle. 
 
( )0 sin sinfi ikt kx= w + uu U       (5) 
The term uik accounts for the change in vibrational velocity of the medium at the location of the i-
th particle due to the presence of the k-th particle. The expressions for the x and y-components 
of this velocity were derived by Gonzalez et al as [3]: 
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where A0 is a complex coefficient described in [3], r is the distance between the particles and qki 
the angle of orientation formed by their center-line with respect to the acoustic wave direction 
(see figure 2). 
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Figure 1.-Arbitrary position of the particles with respect to the acoustic axis 
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Mutual radiation force 
The incident wave interacts with the particle scattering waves disturbing the particle motion 
(other second-order interactions between the particle scattering waves are not considered in 
this study). This gives rise to a mutual particle attraction-repulsion. 
 For this second-order mechanism, Song derived complex expressions to describe the force 
acting on each interacting particle [4] along and the acoustic axis: 
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and perpendicular to it: 
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with the parameters gkir, and gkiq extensively described in [4]. 
 
The influence of this mechanism on the particle motion is not negligible within a range of short 
distances around the particles, of up to about ten times their radii, and is much weaker than the 
acoustic wake effect mainly in low density fluids. For it, this second-order mechanism is not 
expected to affect the particle motion within a resonator beyond one order of the particle size.  
The spatial attraction-repulsion pattern due to this mechanism is not homogeneous, but mainly 
contrary to that due to the acoustic wake effect (that produces maximal attractions along the 
acoustic axis). In fact, a maximal attraction due to the mutual radiation force is theoretically 
expected between particles with their centre-line orientated at 90º with respect to the acoustic 
axis. 
 
 
 
 
NUMERICAL SIMULATION OF THE PARTICLE DYNAMICS IN THE SINGLE RESONATOR   
 
The system of equations (2.a) and (2.b) for the simple case of the particle drift motion due to 
the radiation force, as well as that of (3.a) and (3.b) including second-order interactions, require 
a numerical resolution. For this purpose, a 4th order Runge-Kutta method, suitable for this type 
of combined differential equations was used [5]. It is applied to a system of four differential 
equations defined above, incorporating other new two equations that relate velocities and 
positions of both particles along the acoustic axis and gravity direction, respectively (x and y-
directions): 
 
dx
dt
ui ix=     i=1,2  (8.a) 
dy
dt
ui iy=       (8.b) 
 
This system is solved for the variable “time”, divided into short intervals referred to as temporal 
steps. They must be much shorter than an acoustic period “T” to accurately describe the 
temporal variation of the particle velocities and positions. A time-step h of T/20 is used in this 
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work as a smaller step that only lead to minor improvement of the results in the order of 1%.  
Once the complete system of differential equations described above is numerically solved, the x 
and y-positions of the particle are derived as a function of the time, as well as its velocity 
components along the acoustic axis and the gravitational direction uix, uiy .  
 
 
Results of the Numerical analysis 
A numerical simulation was made for two polystyrene particles of radii Rp=10mm immersed in 
water with an acoustic contrast factor F=0,32subjected to a horizontal plane wave with a 
pressure amplitude P0=5MPa and frequency f=1MHz. 
 
 
 
Figure 2.- trajectories of two particles aligned with the acoustic axis around the node of pressure  
 
 
The particles, initially located at two different locations at distances less than a quarter of a 
wavelength from the node of pressure but aligned along the horizontal acoustic axis, experience 
different lateral drift motion around the node of pressure due to the radiation force during its 
gravitational settling down process.  
The sinusoidal motion acquired by the particles is strongly modulated around the node of 
pressure, coming to an end in about 200 times the acoustic period to continue a rectilinear 
vertical motion along the position of equilibrium. 
 
 
Taking into account possible second order interactions between the particles (given  by the 
equations (3.a) to (7.b)), similar results are numerically found during the drift motion toward the 
node of pressure, except at short distances of the order of the particle diameters, where the . 
 
 
 
CONCLUSIONS 
Second-order forces associated to the acoustic wake effect and mutual radiation pressure are 
introduce in a 4th-order Runge-Kutta numerical simulation to analyse suspensions of particles 
subjected to horizontal standing waves. A sinusoidal motion around the node of pressure is 
found in all the cases, strongly modulated by the viscosity of the fluid to come to an end in short 
times, of the order of a millisecond. The influence of the second-order mechanisms associated 
to the presence of other close particles is negligible for particles immersed in water (where the 
dominant mechanism of the acoustic wake effect vanishes) and weak in air. 
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